Over the last several years, self-healing materials have become more and more popular in terms of damage reparation. Moreover, a recent theoretical investigation of super healing materials that aims at repairing and strengthening itself was also developed. This research area is well known by the rich experimental studies compared to the numerical investigations. This paper provides a review of the literature of continuum damage-healing and super healing mechanics of brittle materials based on continuum damage and healing mechanics. This review includes various damage-healing models, methodologies, hypotheses and advances in continuum damage and healing mechanics. The anisotropic formulations of damage and healing mechanics are also highlighted. The objective of this paper is also to review the super healing theory based on continuum damage-healing mechanics and its role in material and structure strengthening. Finally, a conclusion of the reviewed damage-healing models is pointed out and future perspectives are given.
Introduction
Brittle materials are subjected to microstructural degradations that lead to their failure. The material degradation is the result of the nucleation and growth of microvoids and microcracks. This phenomenon is expressed and termed by damage. In recent years, self healing materials have been used to repair damage in materials. Therefore, many investigations are conducted on self-healing materials. French Academy of Science discovered the self-healing theory in 1836. They found that calcium carbonate results from cement hydration on exposure to atmosphere that concerns the autogenous self-healing mechanism [1, 2] . This is due to hydration of cement or carbonation of calcium hydroxide [3] . The second category, called autonomous self-healing, was first proposed in [4] . The self-healing concept aims at automatically repairing the damages occurring in the material. Inspired from this idea, Barbero et al. [5] developed the continuum damage-healing mechanics (CDHM) for composited materials. CDHM represents the extension of the continuum damage mechanics (CDM) in which the healing effect is introduced into the constitutive equations. Furthermore, many investigations based on fracture mechanics and advanced finite element methods such as discrete particle/element method [6] and smooth particle hydrodynamics (SPH) [7] were also carried out on self-healing materials. For more details on these methods, the reader can refer to Refs. [8] [9] [10] [11] [12] [13] for the discrete particle/element method, Refs. [14] [15] [16] [17] for the SPH method, Refs. [18] [19] [20] [21] [22] [23] [24] for meshfree method, [25] [26] [27] [28] [29] [30] for the multiscale method, Refs. [31] [32] [33] [34] [35] for the phase field method, and Refs. [36] [37] [38] [39] [40] [41] [42] for advances in fracture mechanics.
The presentation of CDM was first given by Kachanov [43] in which the continuum damage mechanics framework was originally applied to handle the response of the creep failure of metal alloys. This framework was further developed by Rabotnov [44] in which the damage factor concept was introduced. CDM framework was further extended by many researchers who aimed at describing the process of damage [45, 46] where it was assumed that the material starts to rupture once the damage variable reaches a critical level. At the beginning of the application of CDM, much attention was given to the analysis of damage due to creep [47] [48] [49] [50] . Later on, further developments were carried out using the principles of continuum damage mechanics [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] . In general, damage mechanics interests in the study of the material in different scales, namely, microscopic, mesoscopic, macroscopic, and mixed scale (statistical method), in which the damage models are applied to describe the variation of the material properties and material failure due to crack initiation and propagation. The basic issue of CDM is to quantify the damage in the material. Many researchers defined the damage variable as the ratio of the number of damaged and total cross-section [67, 68] , while other researchers used the concept of the effective stress to define the damage variable [69, 70] . Another method used to calculate the damage variable which is based on the elastic stiffness reduction was also proposed by Lemaitre [71] , and investigated further by many researchers [72, 73] . The damage variable can be expressed as a scalar variable in the case of isotropic material and as a tensor in the case of anisotropic material [74, 75] .
The description of the quasi-static behavior of ductile and brittle materials came subsequently on [76] [77] [78] [79] [80] . Application of conventional local damage models results in ill-posedness problems and strain localization due to the softening behavior of brittle materials which can be avoided using particular a simulation. This simulation can be performed using the developed nonlocal damage models of integral and gradient types [81] [82] [83] . A large range of applicability of the nonlocal theories can be found in literature, which can simulate the crack initiation and propagation based on continuum mechanics. The nonlocal damage models raised some limitations which are still not completely resolved [84, 85] . The characteristic length is a parameter intrinsic to the material whose characterization as well as the physical sense strongly depends on the material model chosen. Whatever the non-local method chosen, it enriches the description of the classical continuum mechanics.
Comparing to the investigations that carried out on continuum damage mechanics, the focus on the continuum damage healing mechanics is still in its infancy. In the present work, an overview of continuum damage-healing and super healing mechanics and their applicability is provided. Review of different aspects of damage and healing measures based on cross-sectional area and elastic stiffness reduction is given. Afterwards, advances of damage-healing models applied on brittle materials are discussed. The anisotropic formulation of damage and healing and some advances are also reviewed. Finally, the super healing theory that aims at strengthening of materials and structures is given and discussed in detail.
Damage and Healing Configurations
In this section, review of damage and healing variables is presented based on CDHM. According to CDM, the undamaged, damaged and effective material states defined by the undamaged cross-section S 0 , damaged cross-section S ϕ and effective cross-sectionS are respectively illustrated in Figure 1 . The initial, damaged and effective configurations are also represented by their elastic modulus E 0 , E ϕ andĒ, respectively. The damage variable can mostly be defined based on either cross-sectional or elastic stiffness reduction. The expressions of the damage variable based on cross-sectional reduction and elastic stiffness reduction are expressed as follows [86] :
where ϕ is the damage variable and it takes the value ϕ = 0 when the material is undamaged and the value ϕ = 1 when the material is totally damaged. In [87] , the authors defined the damage variable based on shear modulus G, Poisson's ratio ν and the bulk modulus K reduction respectively as follows:
whereḠ,ν andK are, respectively, the effective shear modulus, effective Poisson's ratio and the effective bulk modulus. As the damage is well-known to reduce the cross-section and material stiffness, the healing takes an opposite role of the recovering of the cross-section and material stiffness (see Figure 2) . Then, the healing variable can be defined respectively as a function of the cross-section and material stiffness recovery follows [86] :
where h, S h and E h represent the healing variable, healed cross-section and elastic stiffness, respectively. The values of h = 0, 0 < h < 1, and h = 1 represent the unhealed, partially healed, and fully healed material states, respectively. In [88] , the authors defined two healing variables that reflect the healing effect in the case of coupled and uncoupled self-healing mechanics. The former mechanism assumes that the healing and damage occur simultaneously, while the latter one assumes that the healing is introduced when damage is constant (more details are given in Section 3.6). The expression of the healing variable in the case of coupled self-healing mechanism (h c ) is similar to Equation (7), while, for the uncoupled self-healing mechanism (h u ), it is written as follows [88] : When damages are removed from (Figure 1c) , the relationship between the nominal stress σ and effective stressσ becomes as follows [43, 66, 76] : According to CDHM and following the configurations in Figure 2 , Equation (9) becomes in the case of self-healing materials as follows [88, 90] :
Another relation of the nominal stress and effective stress was proposed in [91] . The authors assume that the material is totally healed when h = 0 and it is totally damaged when h = 1. This proposition takes the following expression:
It is clear from Equation (10) that the effective stress is equal to the nominal stress when the material is fully healed (h = 1 & ϕ = 0), while it approaches infinity when the material is totally damaged (h = 0 & ϕ = 1).
Damage-Healing Formulations
In this section, review of proposed formulations of healing laws applied on brittle materials are discussed. Some of them are not based on CDHM, but they are highlighted in this section in order to provide the reader an overall idea of mathematical, mechanical and phenomenological propositions of healing laws. Next, the damage-healing models that have been developed since 2005 and applied on different materials based on CDHM are also reviewed. The main differences and limitations between these models are also discussed.
Healing Model Based on Parameter Recovery
A theory of crack healing of polymers was developed by Wool and O'Connor [92] based on a recovery parameter R which is defined as a convolution product. According to this theory, the healing is defined in terms of five stages of healing: (a) surface rearrangement, (b) surface approach, (c) wetting, (d) diffusion and (e) randomization (Figure 3 ). Different mechanical properties of the material were considered in the intact state of the material such as fracture stress σ ∞ , strain at failure ∞ , tensile modulus Y ∞ and fracture energy E ∞ when the healing history is subjected. The healing history was measured such that the five stages of healing occur simultaneously and the mechanical properties of the material represent the sum of wetting and diffusion process initiated at different times. Based on this assumption, the healing variable was defined as follows:
where R h (t) is the intrinsic healing function, φ(τ, X) is the wetting diffusion function and τ is the nucleation time and represents the running variable of the time axis. The intrinsic healing function was related to the wetting and diffusion for the measure of recovery based on stress or energy consideration. The wetting is obtained when two free surfaces touch each other in which the time is controlled by self-diffusion of the overlapping free surfaces. The diffusion is controlled by the stage of surface rearrangement. When the material is damaged and the cracks appear, the molecular ends start to be able to move on the surface following the wetting stage. When two surfaces start to come into contact, their diffusion across the interface results in the healing and recovery of part of the initial strength. Two cases of wetting diffusion function are considered, namely instant wetting and constant rate wetting. In the case of instant wetting, the two surfaces wet instantaneously at time t = 0 and the wetting diffusion function is expressed as follows:
where δ(t) is the Dirac-delta function. Consequently, the healing variable in Equation (12) and the intrinsic healing function become similar, as follows:
where K and σ ∞ are the material constant and the fracture strength of the intact material, respectively. On the other hand, in the case of constant rate wetting, the wetting diffusion function is written as:
where k d and U(t) are the wetting rate and the Heaviside step function, respectively. Thus, the healing variable is expressed as follows:
According to Equations (14) and (16) , it is observed that the wetting components of the healing variable is time-independent in the case of instant wetting, while it is time-dependent in the case of constant wetting rate. In addition, it is concluded that Equations (14) and (16) are defined based on empirical assumption using large number of material parameters. Figure 4 shows the plot R − R 0 with respect to the crack healing.
Fracture Mechanics Based Healing Model
A crack closing model applied on linear and isotropic viscoelastic materials was developed by Schapery [93] . Time-dependent constitutive equations based on continuum mechanics were proposed in which the crack length and contact size are predicted, and the whole healing process is considered. The crack healing model was based on crack area reductionȧ b , which is related to the Poisson's ratio, fracture process zone, effective bond energy and the tensile bond force.ȧ b is expressed as follows:
where Γ b , E + R , σ b , υ and K R I are the effective bond energy, elastic modulus, tensile bond force, Poisson's ratio and mode I stress intensity factor. γ m , C m , D + 1 and m are material constants. The crack closing model is known by the fact that there is no difference between the crack closing based on wetting and on diffusion. Moreover, the model is formulated based on different materials that make it difficult to be realized in the case of anisotropic material. Based on the healing variable proposed in [92] and the crack area reduction in Equation (17) [93] , a new formulation was proposed in [94, 95] in which they used the variable R to simulate the healing effect in bituminous materials as follows:
where W c , β and k m are the work of cohesion, the healing process zone and material constant, respectively. The rest of the parameters are defined previously in Equation (17) . It should be noted that the parameters related to the proposed Equation (18) are difficult to be identified due to the lack of enough experimental data.
Creep Damage-Healing Model for Salt Rock
Rock salt is generally subjected to creep damage and cracks that result in the increase of the permeability of the material. Because damage results in inelastic flow in rock salt under hydrostatic compression, an extension of continuum damage approach to the healing of creep damage was developed in [96] . It was assumed that the macroscopic strain rate is influenced by the healing mechanism along with damage and creep. Anisotropic healing was also considered such that the conjugate stress measure for healing can be expressed as
where I 1 , x 10 and σ 1 are the first invariant of the Cauchy stress, material constant and the maximum principal stress, respectively. It is considered that the healing is isotropic when x 10 = 0 and anisotropic when x 10 = 0. The kinetic equations of the healing were formulated based on an experimental observation that suggests two healing mechanisms can be activated in (Waste Isolation Pilot Plant) WIPP salt. The first mechanism assumes that the healing is present in a much smaller time period which results in unchanged damage variable, while the second mechanism assumes that the healing is present in a larger time period which reduces the damage variable. The healing variable proposed in [96] is considered to be the first-order kinetic equation expressed as
where ω, H, τ 2 , µ are the damage variable, Heaviside function, time characteristic constant and the shear modulus, respectively. h 2 describes the removal of damage. The healing variable defined in Equation (20) is characterized by the fact that only an individual healing mechanism can be simulated. This leads to the difficulty of finite element implementation of the healing model due to the challenging identification of the healing time involving non-relative loading histories. Thus, the starting time and the period of the healing become ambiguous. A simplified version of the healing model proposed in [96] was further developed in [97] . Instead of defining two separate healing mechanisms, a single healing mechanism based on damage, kinetic equation and equivalent stress was proposed. The simplified healing variable was defined with only one kinetic equation for one healing mechanism in contrast to the previous investigation in which one kinetic equation for each healing mechanism was defined. After modification of the kinetic equation, the following healing variable was obtained:
with
where σ 1 , σ 3 and σ eq are principal stresses and equivalent stress, respectively. x 2 , x 6 and x 7 are material constants. According to Equation (21), healing can be activated only when σ eq > σ b . In addition, the healing reduces the volumetric strain to zero. The axial and lateral strains are also recovered under hydrostatic compression. In [98] , a thermodynamic framework of CDHM was proposed in which the concept of healing surface and loading-unloading conditions were used. Rate-dependent and rate-independent formulations were also given and applied in the case of isotropic healing. The general thermodynamic framework was applied to study the healing crushed rock salt. The surface-based healing function takes the following expression:
where s, B, ω and F 0 are the Cauchy stress tensor, constrained modulus, surface energy per unit area, and the material positive constant, respectively. c B and c S are positive material parameters related to the changes in material parameters and surface area. If the healing surface F < 0, the material is supposed unhealed, while the healing is occurring when F = 0. The simulation of the densification of crushed rock salt revealed that the healing model is able to describe the healing mechanism in terms of Young's modulus and inelastic strain recovery, even though the formulation was limited to isotropic material behavior.
Further investigations of damage-healing of salt rock were undertaken. Based on the formulation in [97] , the authors in [99] proposed an anisotropic damage-healing formulation for the modeling of creep process in salt rock. The healing process was defined with respect to a viscoplastic scalar healing variable, and the healing strain component was used to account for the reduction of the deformation. However, it was assumed that the healing compensates deformation only in the lateral directions. In addition, the crack healing was assumed to result in an instant reduction of deformation in which τ represents the characteristic time needed to close the cracks of the material subject to salt creep. The simplified healing variable that accounts only for diffusion subject to compressive mean stress was expressed asḣ
where A, p, H and G are the new damage variable, first stress invariant, Heaviside function, and the shear modulus, respectively. For more details of the formulation and application of Equation (24), the reader can refer to [100] [101] [102] [103] [104] . Xu et al. [105] implemented an elastoplastic damage healing model of mudstone and defined the healing variable as function of the non-associated dissipation criterion. Unlike the expression of the healing variables defined in Equations (6) and (8), a new healing variable equation is expressed as
where A h and A ud are the healed and undamaged cross-section areas, respectively. It was assumed that the undamaged cross-section area of the healed cross-section area carries the loads. Following this assumption, the effective stress was expressed as follows:
According to this formulation, the cross-section area of the material is divided into three regions: undamaged A ud , unhealed A uh and healed A h cross-section areas. The damages in the mudstone cannot be fully healed, which results in the unhealed cross-section area being greater than zero. Therefore, it was assumed for simplicity that the healed cross-section area exhibits similar mechanical behavior to that of the original material. However, the boundary conditions of the healing and damage of Equation (26) was unclear. For further self-healing investigations on geomaterials, the reader can refer to [106] [107] [108] [109] [110] [111] [112] [113] [114] .
Micro-Damage Healing Models for Asphalt Mixtures
In [115] , an elastic-viscoelastic model with healing for asphalt concrete subjected to fatigue loading was proposed. The model was extended from the work presented in [116] in which the pseudo-strain variables are given in [117] and adopted to eliminate the dependency of the stress-strain material behavior to time. The irreversible thermodynamic framework was used to simulate the healing of micro-damage. Growing damage was simulated using uniaxial viscoelastic constitutive equations that are extended to account for the micro-damage healing. Uniaxial tensile tests under cyclic loading were conducted under controlled-strain and controlled-stress models with rest periods. In order to induce damage in the specimens, two stress-strain levels were used in the tests. The rest periods introduced during each test vary from 0.5 to 32 min. The variation of the material stiffness before and after the rest period was studied as a function of the number of cycles ( Figure 5 ). Region I in Figure 5 depicts the reduction of the stiffness due to the damage evolution without a rest period, while region II depicts the reduction of the stiffness due to the damage evolution after rest period. After the introduction of the rest period, it was shown that the stiffness increases from point B to point A due to micro-damage-healing and decreases after damage of the healed material. Based on the experimental results and stiffness variation in regions I and II, the following healing function was proposed:
when S R > S R B,i (region I),
when S R < S R B,i , where (S 2,i ) represents the healing evolution during the ith rest period and (S 3,i ) represents the damage evolution after the ith rest period. C 1 (S 1n ) and (S 1n ) are the material function and the normalized damage variable. Several experimental investigations were carried out for the study of the micro-damage healing of asphalt mixtures (e.g., [118] [119] [120] [121] [122] [123] [124] ). Although the implemented micro-damage-healing model was able to describe the hysteretic behavior under controlled-strain and controlled-stress modes, the identification of the experimental data to simulate the healing behavior is not an easy task. Another micro-damage-healing model applied to asphalt mixtures subjected to fatigue loads was proposed in [125] . The damage healing model was extended from the viscoelastic, viscoplastic and viscodamage model. The authors defined a healing variable which is a function of the healing time and history, damage level and temperature. The proposed healing variable takes the following expression:
whereḣ is the rate of the healing variable, Γ h is the healing viscosity parameter and b 1 and b 2 are material constants. Γ h (T) is a function of temperature and is the parameter that determines the speed of the healing. It is expressed as
where Γ h 0 and δ 3 are the healing viscosity parameter at temperature T 0 and the healing-temperature coupling parameter, respectively. According to Equation (29) , it was assumed that the healing starts to evolve once the temperature reaches a certain reference level (temperature threshold) and decreases when the temperature is less than the reference level. The model was applied to predict the behavior of creep-recovery tests in compression and in tension. An example of the results of the evolution of the creep strain and the effective damage density as function of time in compression is shown in Figure 6 . From Figure 6a , it is shown that the introduction of the healing improves the material behavior compared to the model without healing. On the other hand, one can see from Figure 6b that the effective damage increases during loading and decreases during the rest period, while it remains stable during unloading. The micro-damage healing law proposed in [125] was further investigated in [90, [126] [127] [128] . In [90] , a continuum damage mechanics framework was proposed to simulate the micro-damage-healing of materials subjected to cyclic loading. The hypotheses' strain, elastic energy and power equivalence were used to relate the strain tensor and tangent stiffness in the damage and healing configurations. The authors worked on the update of the current stress tensors in the damaged and healing configurations. Examples of the uniaxial constant strain and stress rates were applied. The results revealed that the hypotheses of strain equivalence and power equivalences overestimate the elastic strain energy in the healing configuration compared to the one in the damaged configuration. On the other hand, the strain equivalence hypothesis overestimates the expanded power in the healing configuration compared to the one in the damaged configuration, while the elastic energy equivalence hypothesis underestimates the expanded power in the healing configuration compared to the one in the damaged configuration. It should be noted that these results apply to both strain-controlled and stress-controlled uniaxial tests. The same authors used the micro-damage healing model to simulate fatigue damage of asphalt concrete [126] . They also studied the effect of compressive stresses on the crack closure. This phenomenon is called the "unilateral effect" and is discussed in more detail in Section 3.7. Based on the formulation presented in [125] , a theoretical framework of cohesive zone healing model was proposed in [127] and implemented into a finite element code in [128] . The effect of different parameters such as damage history, healing history and resting time were studies. For further investigations on the visco-damage-healing models, the reader can refer to [129] [130] [131] [132] [133] .
Curing-Based Damage Healing Law
In [134] , the authors proposed a new phenomenological damage-healing model applied to polymers. The proposed healing variable concerned the autonomous self-healing concept and was associated with the curing mechanism of the healing agent and the catalyst. In a microcapsules-based self-healing concept, the propagated cracks break the microcapsules, which results in the release of the healing agent. This latter fills the crack, reacts with the catalyst and they form a solid material in the crack area ( Figure 7 ). It was assumed in this work that the process of cure leads to the mechanical properties variation and stiffness recovery [135] . The formulation was not limited to the healed material, re-damage of the healed material was also considered. The same equations of healing, damage and effective stress in Equations (1), (6) and (10), respectively, were used. As previously shown in Equation (12) [92] , the convolution integral was used to define the healing as follows:
where d(s), η h are the damage variable during the healing period and the parameter that determines the speed of the healing process, respectively. t c and t are the initial time of the healing and the healing time, respectively. It was assumed that the damage threshold decreases by the introduction of the healing as it is increased due to damage. Therefore, a damage threshold equation was defined which assumes that the behavior of the fully healed material is similar to the original material and the evolution of the healing variable does not affect the increase of the damage variable at constant deformations. The healing was introduced in three cases. The first one concerns the introduction of the healing during the rest period. When the material is loaded and unloaded, the healing variable evolves during a rest period. Afterwards, the material is reloaded and comparison of the stress-strain response of the healed and original materials is carried out. Figure 8 elucidates the stress-strain response of the healed material when the healing is introduced during different rest periods. In the second example, the healing is introduced when the material is partially damaged while the assumption of its evolution during a required recovery time is kept. It should be noted that, in this example, the strain is released before the evolution of the healing, which means that damage is constant in this phase. The third example concerns the introduction of the healing during a rest period while the strain is assumed to be constant. For further works on modeling of self-healing polymers and microcapsules-based self-healing, the reader can refer to [137] [138] [139] [140] [141] .
Damage-Healing Law for Concrete
In the previous work [88] , a continuum damage-healing model for autonomous and autogenous self-healing concrete was proposed. In this model, a time-dependent healing variable representing the opposite of the damage variable was proposed. Isotropic material was considered at macroscale subjected to tensile load. The concept of coupled and uncoupled self-healing mechanism was introduced. The uncoupled self-healing mechanism represents the autogenous self-healing, and the coupled mechanism represents the the autonomous self-healing. In addition, both mechanisms were applied in the case of the so-called nonlinear self-healing theory, and comparison with the linear self-healing theory was performed. The authors in [142] proposed the nonlinear self-healing theory. It concerns the generalized nonlinear and quadratic self-healing theories. It should be noted that the classical (linear) self-healing theory is represented in Equation (10) . It is called linear because the equation is linear in h. It was revealed that, in the case of small damage, the linear healing theory is a special case of the nonlinear healing theory. The configuration of the nonlinear healing theory is illustrated in Figure 9 . Classical damage variable ϕ is used to describe the damaged material state in Figure 9a , while the healing variable h is used to describe the partially healed material state in Figure 9b . According to the nonlinear healing theory, a partial area of damage is subjected to healing as clearly shown in Figure 9b in which the healed area S h is less than the damaged area S ϕ . The theory of decomposition of the damage variable was used to obtain the combined healing/damage variable ϕ hd . For more details on the decomposition theory, the reader can refer to [75, 143] . It should be noted that the combined healing/damage variable of the classical self-healing theory takes the following expression:
(32) Figure 9 . Configuration of the nonlinear self-healing theory [89] .
According to the nonlinear self-healing theory, Equation (32) becomes respectively in the case of generalized nonlinear and quadratic self-healing theories as follows:
Equations (33) and (34) represent the expression of the nonlinear healing the generalization of Equation (32) in the case of generalized nonlinear and quadratic self-healing theories, respectively. Following the expressions in Equations (33) and (34), the equations of the effective stress of the generalized nonlinear and quadratic self-healing healing models are respectively expressed as follows:
The damage healing model proposed in [88] was formulated based on the introduction of the healing variable into the damage model. When Mazars damage model for concrete material was adapted, the damage variable was expressed as [143] 
where A and β are material parameters and k 0 is the strain threshold of damage. u is the unidirectional strain. It was assumed that the healing is introduced during loading, unloading, and rest period phases; deformed and undeformed material states. The deformed state represents the coupled self-healing mechanism, while the undeformed state represents the uncoupled self-healing mechanism. In the first case, damage and healing evolve simultaneously, and, in the second case, the healing is introduced during unloading or rest periods. In addition, the generalized nonlinear self-healing formulation was applied in the case of coupled self-healing mechanism, and the quadratic self-healing theory was applied in the case of uncoupled self-healing mechanism. The influence of several parameters on the healing efficiency was studied. It concerns the damage history, rest period and material characteristics. The material characteristics were defined mathematically using the parameter γ. The proposed healing variable was expressed in two cases; uncoupled and coupled self-healing mechanisms as follows:
where h u , h c γ are the uncoupled healing variable, uncoupled healing variable and the material parameter, respectively. ϕ(t h ) is the damage variable during the healing period t h and ϕ cr represents the critical damage that induces the healing process. ϕ(t h ) is constant after unloading phase (ϕ = 0). In this model, the healing efficiency is described during loading in which damage and healing evolve simultaneously. In this case, damage evolves until failure. The healing is assumed to start at time t hi and stops at time t h f . The healing period is defined by t h . The material paramaters influencing the healing efficiency considered in this work were the following:
• History of loading and damage; • Rest period; • Material characteristics that were reflected mathematically in this present work represented by the parameter γ. Figure 10 shows the stress-time response of the damage healing model in the case of uncoupled self-healing mechanism according to the classical self-healing theory. It is clear that the stiffness recovery is partially recovered for a short period of healing, while it is fully recovered with 30,000 s of rest period. Figure 11 shows the stress-time response of the model in the case of coupled self-healing mechanism. In this example, different values of the material parameter γ were considered. It is shown that small value of the parameter γ results in partial stiffness recovery of the material, and γ = 0.02 results in complete stiffness recovery. The coupled and uncoupled self-healing mechanisms were also applied using the nonlinear self-healing theory. It was found that the healing efficiency is underestimated using both coupled and uncoupled nonlinear self-healing compared to the linear self-healing theory. Further investigations on self-healing concrete and cementitious materials can be found in [144] [145] [146] [147] [148] [149] [150] . 
Unilateral-Effects-Based Models
Damage material weakens the mechanical properties of the material. These properties can be recovered if the cracks close again. When the material is subjected to tensile loads and followed by compressive loads in the same direction, the cracks close in the compression domain and the material recovers its stiffness. This is known by the unilateral effects. The unilateral effect is simulated with the distinguishment between damage in tension and damage in compression using two damage variables. Using damage variable in tension and damage variable in compression, the loading mode for a diffuse network of identical microcracks is defined. The unilateral effect can be classified as a healing process due to its effect of crack closure. Many authors pointed out that taking into account the unilateral effect often leads to ambiguity in the computational analysis [151, 152] . In [153] , the authors developed an isotropic 3D damage model for quasi-brittle materials that accounts for the microcracks closure. An anisotropic continuum damage framework accounting for the unilateral effect was proposed in [154] . In [155] , the crack closure was simulated through the decomposition of the stress and strain tensors into positive and negative projection operators. Zhu and Arson [156] proposed a thermodynamic framework to study the effect of the mechanical stress and temperature on the crack opening and closing in rocks, and crack closure was simulated through unilateral effect. The authors in [157] proposed a micro-macro chemo-mechanical damage-healing model to simulate the evolution of the salt stiffness due to microcracks opening, closing and propagation. A unilateral effect was taken into account to simulate the crack closure and stiffness recovery under compression. The proposed model was found to be able to predict the stiffness recovery by the unilateral effect of crack closure. In [158] , a nonlocal formulation of concrete damage model with unilateral effects. Unlike the use of spectral decomposition of stress or strain, the unilateral effect was simulated using the trace of the strain tensor. Matallah and La Borderie [159] developed an inelastic-damage model that simulates the crack opening due to inelasticity and elastic modulus recovery due to crack closure. The crack closure was described using a scalar damage variable that is coupled with the Unitary Crack Opening (UCO). UCO is the internal variable that describes the inelastic strain. A function S called Cracks Opening Indicator was introduced in order to control the vanishing of the inelastic strain effect in the material when it is loaded under compression. It was assumed that the function S takes the value zero when the cracks are completely closed and takes the value of 1 when the cracks are completely opened. The expression of the function S was defined as
where F ac t is the actual tension yield function value and F σ c t is the tension yield function value corresponding to the crack closure stress σ c . It was also assumed that the material recovers its initial stiffness when F(σ ij ) = F σ c t . It should be noted that the proposed model was not able to simulate complex problems that occur during complex unloading phase because the function S represents a scalar variable.
Anisotropic Damage-Healing Formulations
Damage and healing of brittle materials are generally simulated by conventional continuum damage-healing mechanics in which scalar damage and healing variables are used to describe the relationship between nominal stress and effective stress; isotropic damage models. In addition, anisotropic damage-healing formulations were also recently proposed and studied using second-order and fourth-order damage and healing tensors. Murakami [160] was the first who generalized the multi-axial anisotropic formulation of the description of the material degradation. Although most of the works conducted on CDHM are based on isotropic presentation, an anisotropic CDHM was also investigated by the introduction of a healing tensor. According to the formulation [161] , the damage variable tensor is expressed as
where dAn j and dĀn j are the damage and effective fictitious area vectors, respectively. When the healing is introduced into the material, the effective area increases. Figure 12 shows the anisotropic damage and healing configurations [161] . According to the presentation in Figure 12 , the authors in [161] proposed a second rank anisotropic healing variable tensor as follows:
where h ij describes the relationship between the damaged area vector dAn i and the effective healed area vector. In the same paper, k ijkl is denoted the fourth-order anisotropic damage variable tensor and describes the elastic modulus degradation as follows:
whereĒ ijkl and E d ijkl are the undamaged and damaged elastic tensors. The subscripts in Equation (43) represent the two different mathematical tensorial expressions of the damage tensor. In addition, a new fourth rank healing tensor h ijkl was also defined to measure the elastic modulus recovery as follows:
where E h ijkl is the healed elastic modulus. It was assumed that the material is undamaged when h ijkl = 0 ijkl is the fourth rank zero tensor) and is fully healed when h max ijkl = k max ijkl . The generalization of the relational between the effective stress and nominal stress of Equation (9) is expressed in the case of anisotropic materials as follows [64, 74] :
where M ijkl represents the fourth-rank damage effect tensor.σ ij and σ kl are the effective and Cauchy stress tensors, respectively. The relationship between M and ϕ was investigated in the literature [66, 87, 162] and expressed as
In the case of anisotropic damage-healing mechanics, Equations (35) and (36) becomē
where I ijmn is the fourth-rank identity tensor and H is the fourth-rank healing tensor. This equation was obtained by assuming that the tensor H corresponds to 1/h [66, 87, 162] . Based on CDHM, it can be observed from Equation (47) that the parameter ϕ(1 − h) is generalized to become The proposed healing tensor was later decomposed to healing tensor for cracks and healing tensor for voids in [163] along the lines of the decomposition theory applied on scalar based healing definition in [73, 163] . For more details on the definition of the anisotropic damage variable tensors that were defined based on cross-section area reduction and elastic stiffness degradation, the reader can refer to [75, 143] . The same authors proposed an anisotropic presentation of new damage variables that are called Fabric Tensors [74, 87, 162] . Later on, the same authors of [161] extended their work and proposed a coupled viscoplastic-viscodamage-viscohealing model to study the irregular behavior of glassy polymers [129] . Power function was added to the Frederick-Armstong-Philips-Chaboche (FAPC) model in the expression of the dynamic recovery of the hardening function. This latter results in increase of back stress evolution that cannot describe the irregular responses associated with the inelastic responses of glassy polymers. A thermodynamic viscoplastic-viscodamage-viscohealing framework was presented where the healing was assumed to be coupled or uncoupled. The same coupled and uncoupled healing systems were investigated previously using a thermodynamic framework of elasto-plastic-damage-healing problems [164] .
Asphalt concrete is a multiphased material and exhibits complicated mechanical behavior and multiple modes of degradation. In [165] , the authors developed a viscoelastic-viscoplastic model coupled to anisotropic damage in which a second-order tensor damage tensor was introduced in order to relate the nominal and effective stresses. The damage tensor was divided into permanent and non-permanent parts. The first part represents the classical damage process, while the second part represents the self-healing during unloading and rest period. A creep recovery test was simulated using the healing model. The rest concerns the application of a pressure of 1 MPa during 800 s. Afterwards, unloading period of 50 s and rest period of 3000 s were imposed. A reduction of the degradation was observed during the unloading and rest period ( Figure 13 ). Some investigations were also carried out in which anisotropic damage is coupled with a scalar healing variable. In this regard, the authors in [99, 156] developed a thermodynamic damage healing model applied to salt rock with alternative fabric descriptors. Later on, the anisotropy induced by the healing was also modeled in [103] . The effect of crack opening, closure and healing on the stiffness evolution was described by means of a multiscale model. Fabric tensors are used to relate the microcrack evolution with the macroscopic deformation rate. In [25, 145] , the anisotropic Cosserat continuum model was used to simulate the damage, healing and plastic of granular materials. Combination of damage and healing was defined in terms of undamaged and damaged elastic moduli tensors. Other investigations on the anisotropic definition of damage variable based on elastic modulus tensor degradation were undertaken. This concerns the decomposition of the stiffness [73] , definition of anisotropic damage tensors based on Poisson's ratio, shear modulus and bulk modulus degradation [87] , and description of damage in series and damage in parallel [166] . Figure 13 . Effect of creep recovery load on evolution of degradation (left); evolution of axial strain due to healing parameter effect resulting from the creep-recovery test (right) [165] . (Copyright, 2016, Springer Nature).
Super Healing Theory
Recent research investigation reveals that self-healing presents a crucial solution for the strengthening of the materials. This solution is termed as Super Healing. Super healing theory was first proposed in [167] . Once the stiffness of the material is recovered due to self-healing, further healing can result as a strengthening material. In this section, we present the theory of the super healing model within the framework of continuum damage mechanics.
The super healing process comes into play after complete healing of the material (h = 1) in which the healing mechanism continues beyond its limit h = 1. After this limit, the strengthening and enhancing of the material properties takes place instead of healing, and the material will be able to heal and strengthen itself. A refined theory of super healing was proposed in [89] . According to the theory, the same healing material is assumed to be used as super healing material (Figure 14) . In this case, the value of the healing variable can increase beyond what is necessary to recover the initial stiffness of material.
From Equation (10) of the self-healing theory, it can be observed that, when the material is fully healed, the healing variable h takes the value of 1. In the theory of super healing, once the material recovers its initial stiffness (E 0 ), the healing is supposed to be continued (h > 1). In this case, the healing will act as a strengthening material. In Figure 13 , the super healing configuration is illustrated. The super healed material is characterized by its higher elastic modulus E sh which is higher than the elastic modulus of the healed and original material (E sh >Ē). In Figure 15 , the variation of the elastic modulus of the material in different configurations is illustrated. The material is undamaged in the initial state and its stiffness is represented by the initial elastic modulus E 0 . When the material is subjected to external loading and after the energy exceeds the material threshold, damage accumulates via the variable ϕ. In this case, the material is damaged and its stiffness is represented by the elastic modulus E ϕ , which is inferior to the initial stiffness. The material can be partially or fully healed. Thus, the elastic moduli E ph and E f h represent the stiffness of the partially and fully healed material, respectively. Introducing the super healing material leads to the enhancing and strengthening of the material stiffness in which the elastic modulus of the super-healed/strengthened material is higher than the elastic modulus of the fully healed and original material. According to the super healing theory, it is supposed that the healing continues beyond its limit after the material recovers its initial stiffness. In this phase, the healing variable will reach large values such as 2, 3, 4, . . . , x. x represents the maximal value of super healing h s that can be applied. The super healing theory is categorized into two mechanisms: single and multiple super healing mechanisms. In the first mechanism, the variable h s is defined by a large value at one single point of the material. This mechanism can be found in reality for example in the case of microcapsules-based self-healing concrete [4, 168, 169] . In this case, when only one single crack appears in the material and is healed further due to self-healing, the strengthening of this material due to super healing material should take one large single value of h s that enhances the stiffness of the material in the area of the single crack. In the second mechanism, the value h s (h s ≥ 1) is defined by small values different points of the material. This case can be found for example when the concrete is damaged in different points (multiple cracks) in which the super healing acts with small values of h s different points. The values of h s depends in this case on the number of healed cracks. The number of super healing variables is called n. The limitation of the second mechanism is that the variable h s is able to take only one value that is constant at every point of the material. Unlike the super healing theory proposed in [167] , in the refined super healing theory [89] , the super healing variable h s is not restricted to only integer values. It can also take non-integer values. According to the refined super healing theory, the relation of the nominal and effective stresses is expressed as
Equation (49) represents the main result governing the super healing theory. From Equation (49), when the number of super healing parameter n approaches infinity, the effective stress vanishes, which is irrespective of the damage and super healing variables. In addition, when the damage variable ϕ = 1, the effective stress retains a finite value. This is explained by the fact that the material will not rupture even though the damage is high. Equation (49) of the super healing theory was also generalized to anisotropic formulation as follows:
where Hs is the fourth-rank super healing tensor corresponding to the super healing variables h s defined in Equation (49) . In addition, examples of one-dimensional and plane stress were applied. It was shown that the proposed super healing theory is applicable in the case of plane stress. Figure 15 shows the effects of the self-healing and super healing mechanisms. From Figure 16b , it is seen that the material enhances its stiffness when the super healing effect is introduced. Generalized nonlinear and quadratic super healing formulation was also presented along the lines of the nonlinear self-healing theory previously presented, and comparison of super healing models was given (Table 1 ). 
Generalized nonlinear super healing (NSH)
Quadratic super healing (QSH)
2 ]ϕ Figure 17 shows the comparison of the super healing models. The results revealed that the generalized nonlinear super healing model is the most appropriate to describe the super healing concept. In addition, the link between the proposed theory and the theory of undamageable materials [162, [170] [171] [172] has been studied. It was found that both theories lead to a material that undergoes zero damage during the deformation process. Later on, an investigation of the super healing theory in terms of the elastic stiffness variation was performed in which the hypotheses of elastic strain and elastic energy equivalence were used [86] . Using the hypothesis of elastic strain equivalence, the following expressions of damage, healing and super healing elastic stiffness are respectively expressed as
From Equation (53), it can be seen that, with R > 1, the healed elastic modulus E sh is greater than the effective elastic modulusĒ, while they become equal when R = h s . On the other hand, when R = h s = 0, it becomes equal to the damaged elastic modulus. Using the hypothesis of elastic energy equivalence, the following expressions of damage, healing and super healing elastic stiffness are respectively expressed as Equation (56) of the super healing can represent Equation (55) when the healing is introduced and can represent Equation (54) when the material is only damaged. If the material is undamaged and unhealed, the super healing elastic modulus becomes similar to the initial elastic modulus, while, when the material is fully healed, the super healing modulus becomes similar to the effective elastic modulus. On the other hand, when super healing is introduced, the super healing elastic modulus becomes greater than the effective elastic modulus. Table 2 presents a summary of the elastic moduli, damage, healing and super healing variables in the case of elastic strain equivalence and elastic energy equivalence. It should be noted that R represents the super healing variable (R = h s (n + 1)). 
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Super healing
Self-Healing Metals
In this section, a brief review of different mechanisms of self-healing of ductile materials such as metals is presented. The self-healing concept was widely exploited on polymer, concrete, and ceramic materials; however, few investigations were carried out on self-healing of metals due to the nature of the healing of each material. Metals are known by their high melting temperature, which leads to a challenging process of the healing. There are two mechanisms of self-healing metals: liquid state mechanism and solid state mechanism. The first one is based on adding shape memory alloys (SMA) to the metal matrix that represents a liquid at high temperature. The second one is based on diffusion of solute into the cracks and voids.
Liquid State Healing Mechanism
The most commonly method for self-healing of metals is the embedding of healing agent into the metal matrix [173] . When the metal is subjected to heating, the matrix becomes liquid, and thus the healing agent becomes able to heal the damage. In addition, damage can be healed in different lifetimes of metals due to the availability of the liquid healing agent. Many investigations were carried out on self-healing mechanisms using SMA [174] [175] [176] . Figure 18 illustrates the liquid state healing mechanism. When the metal composite is subjected to tensile stress resulting in crack formation, interfacial debonding will occur by crack due to the low strength at the interface of and high strength of SMA. The crack in the metal composite is supposed to heal when the SMA is subjected to high temperature.
Several numerical models were developed to predict the behavior of liquid state healing mechanism. In [177] , the authors developed a numerical model to describe the thermomechanical behavior in the interface SMA-matrix. Two-dimensional elasto-plastic model was applied on the matrix and one-dimensional material model was applied on the SMA wires using material subroutine implemented in the software package Abaqus (Version 6.3, 2002, Pawtucket, RI, USA, Hibbitt, Karlsson & Sorensen, Inc., 7.9.3-3). The model shows its ability to describe the behavior of SMA wires at different temperature levels. The authors in [175, 176] developed a model that analyzes the relationship between the strength of matrix, stress of SMA wires, and volume fraction of reinforcement. In [178] , Zhu et al. developed a three-dimensional model of metal-matrix composites reinforced by SMA. The self-healing mechanism was modelled based on pre-strained SMA wires. In addition, micromechanical approaches were also proposed by many researchers in order to demonstrate the healing efficiency of SMA-based composite structures [179] [180] [181] . The effectiveness of the description of the microstructure behavior is high. Nonetheless, it is not an easy task to be applied at the specimen level. For more information on the different mechanisms of self-healing metals in fine scale and structural scale, the reader can refer to [182] . 
Solid State Healing Mechanism (Precipitation Healing)
This method of healing is based on the minimization of the energy system and decreasing the solubility of the element when the material is subjected to a decreasing temperature. In this case, the alloy changes its phase from liquid to solid upon solidification. The nucleation of precipitation occurs at unstable phases, high energy defect in grain boundaries and free surfaces. Figure 19 illustrates the solute migration along a high diffusion path and precipitation on high energy surfaces. In [183] , the authors revealed that aluminium alloys are subjected to healing mechanisms by solute precipitation during creep and fatigue loading. Moreover, in [184] , the authors revealed that this mechanism is similar to a precipitation mechanism in powder alloys. Steel material is found to be the material that most demonstrates the efficiency of self-healing cavities. However, creep strength and ductility of the steels can graduate when subjected to high temperatures. In [185, 186] , it was found that sulfur accelerates creep cavitation. For more information on the healing mechanism of solid state healing, the reader can refer to [173] .
Several numerical models were developed to predict the behavior of solid state healing mechanisms. In [187] [188] [189] , molecular dynamic modelings were developed to describe the behavior of solid state healing of microcracks in aluminium and copper. It was shown that dislocation around the microcrack induces healing. In [190] , Wei et al. used the same concept to study the crack healing in iron along the lines of the theory applied on aluminium and copper. Based on a finite element method, Huang et al. [191] showed that there are two stages of healing of cracks in the form of ellipsoid subjected to high pressure. The first stage concerns the shrinkage of microcracks and the second one concerns the splitting microcracks. Later on, in [192, 193] , the authors presented a thermodynamic approach to study the void shrinkage rate considering the void surface, grain boundary and elastic energy. In [194] , the impact of high energy electromagnetic field on the elasto-plastic damage material was modelled. The influence of different parameters such as melting and evaporation of metal was considered. The authors in [195] developed a numerical model to describe the creep cavity growth and strain rates in metals through self-healing. It was found that Fe-W alloys represents a good alternative to be used for self-healing at high temperature. 
Conclusions and Perspectives
A state-of-the-art review of continuum damage-healing and super healing mechanics applied on brittle materials was presented in the present paper. The main features of damage-healing and super healing mechanics considered are as follows:
•
The measure and presentation of the healing variable in both autonomous and autogenous self-healing mechanisms.
• The evolution equations of the healing models based on CDHM.
The influence of different mechanical and environmental parameters on the healing efficiency.
The effect of the self-healing and super healing on the mechanical behavior of the material.
The anisotropic presentation of damage-healing and super healing with tensorial formulation.
The effect of the new strengthening theory based on the super healing and CDHM.
The CDHM represents an extension of the CDM. Based on it, the initial stiffness recovery and enhancing of the mechanical properties of the materials while taking into account many parameters (e.g., microcapsule percentage, temperature, healing time, damage history, . . . etc.) is described. In addition, two self-healing mechanisms are mechanically studied: autonomous and autogenous. They are also termed respectively by coupled and uncoupled healing mechanisms. Each damage-healing formulation proposed in literature is based on the experimental data of self-healing materials while considering some assumptions for simplicity of the computational analysis (e.g., isotropy of the material instead of anisotropy). This is due to the heterogeneity of the brittle materials. For instance, concrete is an heterogeneous material that has a complex fracture behavior. Taking into account the complexity nature of concrete material in the healing analysis is not an easy task. Moreover, the softening behavior of brittle materials leads to mesh-dependence of their responses due to strain localization when local damage-healing models are used. This issue was thoroughly addressed in CDM using non-conventional damage models (e.g., gradient and nonlocal damage models), while non-conventional damage-healing model is not yet addressed except for a short explanation given in [88] .
To the best knowledge of the authors, the healing can regularize the problem of strain localization and mesh-dependency provided damage/healing in the time range it is applied if it is rate-dependent. This regularization happens in the suitable range of time that recovers the original stiffness of the material; minimization and elimination of damage, especially in the case coupled self-healing mechanism in which damage and healing evolve simultaneously. In this case, when one point of material is damaged, the microcapsules (or hollow fibers) are broken and the healing agents are released from the microcapsules. The damage evolves first and the healing agent evolves after it is released, which leads to the deactivation and elimination of the damage evolution. Therefore, it is highly necessary to develop some non-conventional damage-healing models using nonlocal healing variables coupled to local or nonlocal damage variables. In addition, further investigation of anisotropic damage-healing mechanics is needed in which new healing tensors can be proposed. Finally, further studies on the super healing theory will be an interesting task in terms of focusing on some limitations of the theoretical framework (e.g., plasticity, assumption that h s takes only one constant value at every point of the material). It is hoped that future studies will be carried out in the manufacturing technology along the lines of the super healing theory. 
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